Abstract. In the paper the author presents the limit formulas for ratios of polygamma functions at their singularities.
Introduction
Throughout this paper, we use N to denote the set of all positive integers. It is well known that the gamma function Γ(z) is single valued and analytic over the entire complex plane, save for the points z = −n, with n ∈ {0} ∪ N, where it possesses simple poles with residue It is also well known that the polygamma functions are defined by ψ(z) =
and ψ (i) (z) for i ∈ N. Among them, the first five functions ψ(z), ψ ′ (z), ψ ′′ (z), ψ (3) (z), and ψ (4) (z) are known as the di-, tri-, tetra-, pentra-, and hexa-gamma functions respectively. The polygamma function ψ (n) (z) for n ∈ {0} ∪ N is single valued and analytic over the entire complex plane, save at the points z = −m, with m ∈ {0} ∪ N, where it possesses poles of order n + 1. See related texts in [1, p. 260, 6.4.1] .
In [2, 3] , the limit formulas
for any non-negative integer k and all positive integers n and q were established. The main result of this paper may be stated as a theorem below.
Theorem 1.1. For i, n, q ∈ N and k ∈ {0} ∪ N, we have
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A lemma
In [4, Theorem 1.2] the explicit formulas for the n-th derivatives of the cotangent function cot x was discovered. For proving the limit (1.3), we cite and reorganize these formulas as Lemma 2.1 below.
Lemma 2.1. For n ∈ N, the derivatives of the cotangent function may be computed by
and
where
3)
for n > 1,
for 1 ≤ i ≤ n − 1, and
Remark 2.1. The equalities (2.5) and (2.6) can be unified as
for 0 < q < p.
Proof of Theorem 1.1
Now we set off to prove Theorem 1.1. In [1, p. 260, 6.4.7], the reflection formula
is collected. Hence, we have
When i = 1, by (3.2) and Lemma 2.1 applied to n = 1, we have
When i = 2j and j ∈ N, we have
.
When i = 2j + 1 and j ∈ N, we have In conclusion, the equality (1.3) for i ≥ 1 is proved. Combining (1.2) with the equality (1.3) for i ≥ 1 leads to Theorem 1.1.
